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Unconventional superconductivity induced by the magnetic moments in a conventional spin-singlet s-wave
superconductor is theoretically studied. By choosing the spin directions of these moments, one can design
spinless pairing states appearing within the s-wave superconducting energy gap. It is found that the helix spins
produce px + py-wave state while the skyrmion crystal configuration px + ipy-wave like state. Nodes in the
energy gap and the zero energy flat band of Majorana edge states exist in the former one, while the chiral
Majorana channels along edges of the sample and the zero energy Majorana bound state at the core of the vortex
appear in the latter case.
PACS numbers: 74.45.+c, 74.20.-z, 74.78.-w
Introduction.— Unconventional superconducting states are
one of the most important issues in current condensed mat-
ter physics.1–3 Although most of the superconductors show
the conventional spin-singlet s-wave pairing, strongly corre-
lated materials sometimes show unconventional pairing since
the on-site pairing is suppressed by the repulsive interaction.
However, the discovery of the unconventional pairings relies
on serendipity to some degree, and their theoretical designs
and artificial fabrications are highly desired. Especially, re-
cent intensive interest in the topological superconductivity and
consequent Majorana fermions enhance the importance of this
topics since Majorana fermions are the leading candidate for
the platform of the quantum computation.4–9
A promising proposal for realization of a topological su-
perconducting state is the combined system of semiconduct-
ing nanowire with s-wave superconductor under an exter-
nal magnetic field. The spin-orbit interaction and the mag-
netic field reduce the degrees of freedom of electrons con-
cerning superconducting states, and effectively generate spin-
less p-wave superconductor.10–14 As for one-dimensional sys-
tem, signals suggesting Majorana fermions at the ends of
the nanowire have been observed in some experimental se-
tups.15–18 There are other routes for creating topological su-
perconductors; spin-singlet superconductor deposited on the
topological insulator.19,20 superfluid of cold atoms with laser-
generated effective spin-orbit interaction.21, aligned quantum
dots connected by s-wave superconductors,22 and magnetic
moments in s-wave superconductors23–26 or nodal supercon-
ductors.27 The last ones are significantly distinct in that they
don’t explicitly require spin-orbit interaction in the system.
With respect to the cooperation between magnetic moment
and superconductivity, it has been known that the bound states
are created around the impurities with the energy inside the
bulk superconducting gap (not necessarily zero energy).28–30
The modulation of the local density of states by a single mag-
netic impurity has been observed in the experiment.31 The au-
thors of Refs 24 and 26 considered the one-dimensional array
of the magnetic impurities, and studied the possibility of Ki-
taev state with the Majorana bound states at the ends of the
array. The influence of magnetic moments on a superconduc-
tor by the proximity effect has been intensively studied albeit
in different interests.32–34 On the other hand, it has been recog-
nized that the spin-orbit interaction at the interface results in
Rashba type interaction and hence non-collinear spin configu-
ration is organized.35 Especially, the skyrmion crystal state is
observed at the interface of Fe and Ir.36 Therefore, the mag-
netic proximity effect of non-collinear moments to a super-
conductor becomes a realistic and important issue.
In this paper, we propose a generic principle to design un-
conventional superconductivity in terms of non-collinear/non-
coplanar configurations of magnetic moments on the surface
of an s-wave superconductor. We derive an effective model
constituted from the bound states around magnetic moments.
The effective pair potentials as well as transfer integrals in the
effective model depend on the directions of two neighboring
moments. We show that a px + py-wave pairing state with
nodes in the energy gap is generated by a non-collinear heli-
cal spin configuration, and moreover, we design a topological
px+ipy-wave like state by means of a non-coplanar skyrmion
crystal configuration of moments, as evidenced by chiral Ma-
jorana channels along the edges of the system and zero energy
Majorana bound states at the cores of vortices.
FIG. 1. (a) Schematic illustration for the formation of an effective
lattice model from the bound states localized around magnetic mo-
ments on the surface of s-wave superconductor (see Eq. (3)). (b)
Energy levels of quasiparticles obtained by a tight binding model cal-
culation with a single moment with ∆0/t = 0.7 in Eq. (1). J is the
coupling constant between electrons and magnetic moment and S is
the magnitude of the spin moment. The solid (blue) curve shows the
analytical solution E0 for the continuum model (see the main text).
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2Model.— Figure 1 (a) shows a schematic illustration of the
present model. We analyze the following tight-binding Hamil-
tonian describing double exchange model with the supercon-
ducting order parameter defined on a square lattice
H =−
∑
〈ij〉σ
tc†iσcjσ −
∑
i
µc†iσciσ
+
∑
i
∆0
(
c†i↑c
†
i↓ + H.c.
)
−
∑
i
JSi · σαβc†iαciβ .
(1)
The first three terms describe a conventional spin-singlet s-
wave superconductor with the transfer integral t, the chemical
potential µ, and the pairing potential ∆0. In addition, elec-
trons couple with magnetic moments located at sites i’s with
the strength J through double exchange mechanism. This
model can describe the interface between a bulk s-wave super-
conductor and a magnetic material. We assume that the pair-
ing potential is not affected by magnetic moments, which are
supposed to be solidly ordered. Below we construct uncon-
ventional superconducting states with some particular struc-
tures of magnetic moments. We derive an effective model in
the aim of choosing appropriate magnetic order for intended
unconventional states before directly solving Eq. (1). First,
we start with the case of a single moment in a superconductor.
The Bogoliubov-de Gennes equations are given by
(ξk − E)uk↑ − JS
V
∑
l
ul↑ + ∆0vk↓ = 0,
(ξk + E)vk↓ +
JS
V
∑
l
vl↓ −∆0uk↑ = 0, (2)
where we set the origin at the site of moment, ~ =
1, and ξ(k) = −2t(cos kx + cos ky) − µ is the tight-
binding dispersion. The numerical result of energy level
is shown in Fig. 1 (b). The dispersion can be approxi-
mated in the continuum limit as ξ(k) = k
2
2m − µ − 4t with
m = (2t)−1. We can find solutions with energy ±E0 =
±∆0
[
1− (piJSN0/2)2
]
/
[
1 + (piJSN0/2)
2
]
, where N0 is
the density of states in the normal phase28–30,37 (solid line in
Fig. 1 (b)). With increasing the magnitude of JS, E0 changes
from ∆0 to−∆0 within the bulk superconducting energy gap.
The corresponding wave functions are real and asymptotically
given for r →∞ as
u↑(r) ∼ sin(pFr − δ+)
pFr
exp
[
− r
ξ0
| sin(δ+ − δ−)|
]
,
v↓(r) ∼ sin(pFr − δ−)
pFr
exp
[
− r
ξ0
| sin(δ+ − δ−)|
]
, (3)
where we define some quantities; tan δ± = ±piJSN0/2,
pF is the Fermi momentum, vF = pF/m is the Fermi ve-
locity, and ξ0 = vF/(pi∆). When the moments are aligned
in a lattice, we expect that the bound state around each mo-
ment has overlap with neighboring bound states. The overlap
causes effective transfer integrals and pair potentials among
the bound states. The low energy properties, i.e., in the bulk
superconducting gap, can be described by an effective BdG
lattice model constructed from these bound states. One can
find similar arguments in Refs. 24–26.
Design of p-wave superconducting states.— We propose
a principle to design the superconducting states appearing
within the gap of the host spin-singlet s-wave superconductor.
It will be shown that configurations of magnetic moments play
the essential role for the emergence of unconventional super-
conducting states. In the last section, we assume the magnetic
moment parallel to +sz-direction. Here, we introduce a uni-
tary transformation for the description of general directions
of moments. The coupling term with magnetic moments in
Eq. (1) can be transformed as
ψ†αS · σαβψβ = (Uψ)†US · σU†Uψ = ψ˜†Sσzψ˜ (4)
by the unitary matrix
U† =
(
cos θ2 −e−iφ sin θ2
eiφ sin θ2 cos
θ
2
)
(5)
where θ and φ are the polar coordinates such that S =
S(sin θ cosφ, sin θ sinφ, cos θ). The wave functions for arbi-
trary spin directions are obtained by operating U† on Eqs. (3).
Then, the electron operators are expressed for the low energy
sector as
ψ↑ =
∑
i
[
cos
θi
2
u↑(r − ri)αi − e−iφi sin θi
2
v∗↓(r − ri)α†i
]
,
ψ↓ =
∑
i
[
eiφi sin
θi
2
u↑(r − ri)αi + cos θi
2
v∗↓(r − ri)α†i
]
,
(6)
where αi is the annihilation operator of the bound state around
the moment located at site i. By substituting Eqs. (6) into the
original Hamiltonian Eq. (1), we obtain
Heff =
∑
i
E0α
†
iαi +
∑
〈ij〉
[
t¯ijα
†
iαj +
(
∆¯ijα
†
iα
†
j + H.c.
)]
,
(7)
where t¯ij and ∆¯ij are effective transfer integrals and pair po-
tentials for the nearest neighbor sites 〈i, j〉 in the present low
energy Hamiltonian. We keep them up to the nearest neigh-
boring sites. Here, we define
zˆi =
(
cos θi2
eiφi sin θi2
)
, (8)
which represents the spin as Si = Szˆ
†
iσzˆi. The effective
transfer integrals and pair potentials are represented by
t¯ij = zˆi
†zˆj t¯0, (9)
∆¯ij = zˆi
†iσy zˆj∗∆¯0, (10)
with t¯0 =
∫
dr
[
(uiξ(r)uj − viξ(r)vj)+∆0 (uiuj + vivj)
]
,
∆¯0 =
∫
dr
[
(uiξ(r)vj + viξ(r)uj) + ∆0 (uiuj − vivj)
]
,
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FIG. 2. (a) Configuration of moments producing effective px + py-
wave pairing. All spins lie in sxsz-plane rotating by 2pi/3 along both
x- and y-directions, therefore 3 × 3 block constitute a unit cell. (b)
Energy spectrum of quasiparticles with the configuration in (a) calcu-
lated by tight binding model (Eq. (1)) with t = 1.0 and ∆0 = 0.7.
The spectrum has two point nodes as expected. (c) Energy spectrum
with open boundaries. One can see dispersionless Andreev bound
states connecting two nodal points.
ui = u↑(r − ri), and vi = v↓(r − ri). Based on these equa-
tions, we can design various kinds of superconducting states.
Note that t¯ij and ∆¯ij are invariant for the common rotation of
both moments at sites i and j. Namely, these quantities de-
pend only on the relative direction of the two moments. The
electron spin of the bound state is uniquely determined by the
magnetic moment, and hence we have a spinless lattice model
with controllable parameters depending on the configuration
of moments.
Numerical studies.— We design two-dimensional super-
conducting states by choosing appropriate configurations of
moments designed from Eqs. (9) and (10) (see Supplemen-
tal Material A). We investigate properties of the system
by directly solving the original tight-binding Hamiltonian
(Eq. (1)). The calculations are performed with transfer in-
tegral t = 1.0 and on-site superconducting order parameter of
the host conventional superconductor ∆0 = 0.7. The mag-
netic moment is attached to each site. We consider both peri-
odic and open boundary conditions to see bulk properties and
edge states of the system, respectively. Hereafter when we cal-
culate the dispersion of Andreev bound states, we use a cylin-
drical configuration with open boundaries along y-direction.
We consider following two cases; px + py-wave pairing and
px + ipy-wave like pairing.
1. Nodal superconductor. We can see from Eqs. (9) and
(10) that ∆¯ij vanishes when the two neighboring moments
point the same direction (θi = θj , φi = φj), while t¯ij van-
ishes for the opposite direction (θi = pi − θj , φi = φj + pi).
Therefore, non-collinear spin configurations are required to
obtain the nontrivial states. We know that one-dimensional
helical or spiral spin structure generates p-wave superconduct-
ing states.26 We can generalize this to two-dimensions. We
choose the spinor zˆi’s so that spins rotate by 2pi/3 around sy-
axis along both x- and y-directions as shown in Fig. 2 (a) and
Fig. S1 in Supplemental Material A; all the moments lie in the
sxsz-plane. The resulting state is expected to have real order
parameter with p-wave pairing for x- and y-directions. This
can be named as px + py-wave pairing state. The present su-
perconducting state is not stabilized as a bulk phase because it
is energetically disadvantageous compared with chiral p-wave
pairing without nodal structures. However, in the model con-
sidered here, induced p-wave pairing is localized in the vicin-
ity of the surface of the bulk superconductor, and is controlled
by the configuration of moments. As a result, px + py-wave
pairing state is realized by a single spiral structure of mo-
ments. We have tested our expectation by numerical calcu-
lations solving Eq. (1). Figure 2 (b) shows the dispersion of
the quasiparticles, where the induced energy gap has nodes on
the line of kx = −ky . We also calculate Andreev bound states
at the boundary of the system. The resulting dispersions have
flat bands, which are believed to be a hallmark of unconven-
tional superconductors.38–41 It is noted that flat band of zero
energy bound states are realized starting from conventional
s-wave superconducting pairing. One can find in Ref. 42 a
related work.
2. Chiral p-wave superconductor. Next we attempt to gen-
erate fully gapped superconducting states. For this purpose,
the phase of pair potential along x- and y-direction should be
different. The case where the phase difference is equal to pi/2
is well known as chiral p-wave superconductor. We can al-
ways choose the phases of the pairing order parameter ∆ij as
real by appropriate gauge transformation once the moments
lie in a plane. Then we need to consider non-coplanar spin
configurations. Here we study the case of skyrmion crystal
state (Fig. 3 (a)) recently observed experimentally.35,36 In this
case, moments obviously have a non-coplanar configuration.
The parameters in the effective model calculated by Eqs. (9)
and (10) are given in Supplemental Material A (Fig. S2). We
have confirmed the following properties of the system, and
based on them we conclude that it has the same topologi-
cal nature as chiral p-wave superconducting states while the
transfer integrals and pair potentials are not uniform with this
configuration. The characteristic properties of chiral p-wave
superconductors are (i) the full gap nature, (ii) the existence of
edge modes and currents, and (iii) the emergence of zero en-
ergy states at the cores of vortices.43 First we have confirmed
that the system has an energy gap in the whole Brillouin zone
by the same calculation as Fig. 2 (b), which indicates the com-
plex value of the pair potential because the system is essen-
tially spinless. Figure 3 (b) shows the energy dispersion of
quasiparticles with the open boundaries. One can see two lin-
early dispersing bands crossing at kx = ±pi. which are local-
ized at the edges of the system.44 Here the Fermi surface in
the normal state is hole-like, then chiral edge modes cross at
kx = ±pi not kx = 0. The fact that these modes yield edge
current is manifested by directly calculating current density
ji =
∑
kxσ
2t sin kx α
†
iσ(kx)αiσ(kx). (11)
The result is shown in Fig. 3 (c). At JS ∼ 2.4 the clear signal
appears indicating the topological quantum phase transition.
We also confirmed that zero energy Majorana bound states
appear at the cores of vortices (Fig. 3 (d)). We conclude that
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FIG. 3. (a) Configuration of skyrmion lattice producing an effec-
tive fully gapped superconducting phase (See also Fig. S6 in Sup-
plemental Material C). (b) Energy spectrum of quasiparticles with
the configuration in (a) calculated by tight binding model (Eq. (1))
with t = 1.0 and ∆0 = 0.7 with open boundary condition along y-
direction. One can see linearly dispersing bands at kx = ±pi which
are localized at the boundaries of the system. (c) Current density
calculated with the configuration given in (a) with 20 unit cells along
y-direction. One can see finite current density at the edges of the sys-
tem, which is a crucial evidence for topologically nontrivial phase.
(d) Energy levels of quasiparticles obtained by a tight binding model
calculation with vortices. The horizontal axis shows the indices of
energy eigenvalues. The system size is set 16 × 16 with periodic
boundary condition, and t = ∆0 = 1.0. The zero energy states are
four-fold degenerate.
the resulting superconducting state is in the same topologi-
cal phase as the chiral p-wave superconductor based on these
observations. As another example of the non-coplanar spin
configuration, we study the double spiral structure in Supple-
mental Material B, and found the similar px + ipy-wave like
state.
Discussion and conclusions.— In this paper, we have pro-
posed a new way of creating effective two-dimensional uncon-
ventional superconductivity by local moments on the conven-
tional spin-singlet s-wave superconductor. The non-collinear
configurations of moments are essential to induce p-wave
pairing. There is a hierarchical structure in energy scale, i.e.,
the original s-wave energy gap and that of the induced p-
wave superconductivity. Andreev bound states by a topologi-
cal origin appear within the latter energy gap. Even the chiral
px + ipy-wave like pairing is realized by the non-coplanar
configuration of moments, which shows the chiral Majorana
edge channel with linear dispersion and zero energy Majorana
bound states at the vortex cores. Moreover it indicates that we
can create various kinds of superconducting states by choos-
ing appropriate configurations of moments. For example, by
changing the distance between the moments, one can tune the
magnitudes of effective transfer integrals and pair potentials.
Then, the anisotropy |tx/ty| can be controlled to obtain the
rich topological phases discussed in Ref. 45. Here we briefly
discuss the effect of self-energy correction and spin fluctua-
tion for legitimizing our approach and results. The self-energy
correction due to the dynamical quantum fluctuation of spins
can be estimated as ReΣ(ε) ∼ λε and ImΣ(ε) ∼ λ ε2εF where
λ = J2S/(IεF) is the dimensionless coupling constant with
I being the exchange coupling between spins in the magnet,
and εF the Fermi energy of the superconductor. This correc-
tion is tiny at small electron energy ε, and does not change
the mini-gap structure. Also we have confirmed numerically
the robustness of the induced gap structure against the small
(static) spin fluctuation as shown in Fig. S6 in Supplemental
Material C. Though our model will simulate the interface of
bulk superconductors and magnetic materials, we end with an
account of another experimental realization of these propos-
als. To create intended patterns of magnetic moments, we can
use atomic manipulation techniques using scanning tunneling
microscopy.46,47 The spin structure in organized magnetic im-
purities is also observed,48,49 although it is antiferromagnetic
and cannot be utilized for our proposal.
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6Supplemental Material for
“Two-dimensional p-wave superconducting states with magnetic moments
on a conventional s-wave superconductor”
Appendix A: t¯ij and ∆¯ij
FIG. S1. Spin configuration and parameters in the effective model for coplanar spin helix configu-
ration (corresponding to px +py-wave pairing states). t¯x and t¯y are measured in the unit of t¯0 while
∆¯x and ∆¯y in the unit of ∆¯0 defined below Eq. (10) in the main text. ~n = ~S/S shows the direction
of the moment at each site.
FIG. S2. Spin configuration and parameters in the effective model for skyrmion lattice (correspond-
ing to px + ipy-wave like pairing states). Here the spin configuration is given in a graphical way,
which is identical to Fig. 3 (a). The arrows, circles with x (into the paper) and filled circle (out of the
paper) inside indicate the directions of the moments. Broken lines on right side show the magnetic
unit cell. We take the same units as in Fig. S1.
We gave three particular spin configurations shown in Figs. 2 (a), 3 (a), and S4 (a). Here we show the explicit values of the
effective parameters calculated from Eqs. (9) and (10). Figures S1, S2, and S3 (for coplanar spin helix, skyrmion crystal, and
non-coplanar spin helix, respectively) show following information; (i) direction ~n of the moment at each site in a unit cell, (ii)
7effective transfer integrals t¯ and in the unit of t¯0, and (iii) effective pair potentials ∆¯ in the unit of ∆¯0. The directions of moments
are given by ~n = (nx, ny, nz) in Figs. S1 and S3, and in a graphical way in Fig. S2. The unit cell is 3 × 3 block for both spin
helix configurations, and skyrmion crystal contains 8 atomic sites in a unit cell. t¯0 and ∆¯0 are defined just below Eq. (10) in the
main text.
FIG. S3. Spin configuration and parameters in the effective model for non-coplanar spin helix
configuration (corresponding to px + ipy-wave like pairing states). We take the same units as in
Fig. S1.
Appendix B: Non-coplanar helical spin configuration
In the main text, we discuss the realization of the px + ipy-wave like state by means of the skyrmion structure. Here in
Supplemental Material we consider another non-coplanar configuration of magnetic moments. It is shown in Fig. S4 (a). This
can be seen as follows; we have sequential spin helix stripes along x-direction, but the planes on which spins rotate are tilted
along y-direction. Describing in more detail, we start from the moment at the origin pointing along +sz-direction, we rotate
it by 2pi/3 within sxsz-plane along x-direction. Now we have a row of moments extended in x-direction. Then we rotate the
plane where the moments lie by 2pi/3 around sx-axis along y-direction. After three successive rotations, the plane comes back
to the original one, i.e., sxsz-plane as shown in Fig. S4 (a) right side. It is expected that the former rotation gives real ∆¯ij’s in
Eq. (10) while the latter imaginary ones. The resulting t¯ij and ∆¯ij are explicitly given in Fig. S3. In fact, t¯i+x,i = − 12 t¯0 and
∆¯i+x,i =
√
3
2 ∆¯0, which are consistent with the invariance of them under common rotation of two spins. On the other hand,
along y-direction the moments have finite sy component, and hence complex ∆¯i+y,i results. Actually, they have pure imaginary
values while t¯i+y,i are not necessarily real. Note that any coplanar configurations of moments are transformed onto sxsz-plane
by a common rotation, and all t¯ij and ∆¯ij are essentially real. To obtain complex ∆¯ij’s, the non-coplanar configurations of
moments are indispensable. While the transfer integrals and pair potentials in the effective model are not uniform with this
configuration (see Fig. S3), it has the same topological nature as chiral p-wave superconductors as we will discuss below in the
completely same ways as we do in the main text for the skyrmion structure.
First, the system described by the Hamiltonian in Eq. (1) has an energy gap in the whole Brillouin zone, which suggests
complex value of pair potential. Figure S4 (b) shows the energy dispersion of quasiparticles with the periodic (open) boundary
condition along x- (y-)direction. The magnitude of JS is chosen to be 2t so that the energy of the bound state around a single
moment is about zero energy (see Fig. 1). There are two one-dimensional bands as chiral Majorana edge channels localized
at the open boundaries in the energy gap. To confirm the emergence of edge modes, we also calculate current density along
x-direction with site indices i’s along y-direction. The result is given in Fig. S4 (c), which clearly shows the presence of the
edge current. It also shows that the signature of the topological quantum phase transition at JS = (JS)c ∼ 2.7t. Namely, the
system enters into a trivial phase for JS > (JS)c where the edge modes and current vanish. We have also confirmed that zero
energy Majorana bound state appears at the cores of a vortices, which is consistent with chiral p-wave superconductors. We
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FIG. S4. (a) Spin configuration producing effective chiral p-wave pairing. They have a non-
coplanar structure. The moments along x-direction rotate by 2pi/3 within the planes in the spin
space schematically shown on the right side. This plane is rotated along the y-direction by 2pi/3
around the sx-axis indicated by the arrows. Therefore 3 × 3 sites constitute a unit cell. (b) Energy
spectrum of quasiparticles with the periodic (open) boundary conditions along x-(y-)direction. (c)
Current density calculated with the configuration given in (a) with the width Ny = 24. The other
parameters are the same as in (b). There are finite chiral current density at the edges.
insert vortices into the pair potential of the original s-wave superconductor. To avoid the effect of the boundary which may cause
in-gap states, we impose the periodic boundary condition for both x- and y-directions. For the consistency of the phase, we
introduce two vortices with winding number 1 and other two anti-vortices with winding number -1. The four-fold zero energy
states appear in the induced gap corresponding to the four vortices in total, and the probability of one of their wave functions in
the real space shows localized distribution around the vortices as shown in Fig. S5. These results are the same as those in the
case of the genuine chiral p-wave superconductor.
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FIG. S5. (a) Energy levels of quasiparticles obtained by a tight binding model calculation with
vortices. The horizontal axis shows the indices of energy eigenvalues. The system size is set 48 ×
48 with periodic boundary condition, and t = ∆0 = 1.0. The zero energy states are four-fold
degenerate. (b) Distribution of a wave function of one of the zero energy states. It has peaks at the
positions of vortex cores.
In addition we study the effect of a defect. Here we use “defect” in the meaning of taking away one magnetic moment from
the suite of aligned magnetic moments. In the tight binding picture, there is a lattice site for the original s-wave superconductor
at the defect point. In the conventional s-wave superconductor, the non-magnetic defect does not produce any in-gap state. In
sharp contrast, we find that new states appear inside the lower energy gap. Note that the energy is not necessarily zero. This
property is characteristic to unconventional superconductors.50
We employ the rotation angle 2pi/3 in the coplanar and non-coplanar spin helix structure for the sake of numerical calculation.
However, the properties discussed above obviously hold when we consider other angles as long as it is not equal to 0 or pi.
9Appendix C: Robustness against fluctuation
As stated in the main text, we assume the configuration of magnetic moments are strictly fixed all through the calculations.
Here we examine the influence of spin fluctuation. It is shown that the results obtained above are qualitatively unaffected. To
take into account the effect of spin fluctuation, we mimic it by modulating directions of the moments with random magnitude
about 7% from the static configuration (Fig. 3 (a)). In Fig. S6 the edge modes still connect occupied and unoccupied states even
though they are slightly modified by the fluctuation.
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FIG. S6. Energy spectrum with random modulation of directions of magnetic moments. The lines
near energy 0 (blue ones) are edge modes. They remain crossing at kx = ±pi and separated from
the bulk states.
